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We show that residually finite or word hyperbolic groups which can be decom-
posed as a finite union of double cosets of a cyclic subgroup are necessarily virtually
cyclic, and we apply this result to the study of Frobenius permutation groups. We
show that in general, finite double coset decompositions of a group can be inter-
preted as an obstruction to splitting a group as a free product with amalgamation
or an HNN extension. © 1999 Academic Press
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1. INTRODUCTION
At the 1993 Edinburgh conference “Combinatorial and Geometric Group
Theory,” Dunwoody asked the following question [D]:
Question 1. Let G be a group and let H be an infinite cyclic subgroup
of G. If there is a finite subset F ⊂ G such that G = HFH, does it follow
that H is necessarily of finite index in G?
As Martin Roller pointed out to me, this question is related to one posed
by Neumann and Rowley at the 1994 “Durham Symposium on Geometry
and Cohomology in Group Theory” [N-R]. To state it we need the following
definition:
Definition. A group G is said to be a Frobenius group if it acts tran-
sitively on a set  of cardinality at least 2, so that the only element which
fixes two distinct points is the identity.
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The rank of the action is the number of orbits of its induced action on
×, and in Problem 12.62 of [K] Neumann asked:
Question 2. Is there an infinite Frobenius group of finite rank such that
for some (and hence any) ω ∈  the stabiliser Gω is infinite cyclic?
The connection with Dunwoody’s question is given by the well-known
relationship between the double cosets of a stabiliser and the orbits of the
induced action on pairs; see, for example, [N-S-T, Exercises 6.5, 6.6]. We
outline it here for the convenience of the reader: suppose that G is a group
acting transitively on a set , and let H = stabω for some point ω ∈ .
Now consider the action of G on 2. There is a bijection between orbits of
this action and double cosets HgH induced by the map ω; gω 7→ HgH
so we have:
Lemma 1. The rank of the action of G on  is the number of distinct
double cosets HgH.
Now we observe that the stabiliser of gω is gHg−1 so for any pair
gω;kω ∈ 2 the stabiliser is Hg−1 ∩Hk−1 and the condition stabα;β =
1 for any α 6= β ∈  is equivalent to the assertion that H is malnormal. In
particular if H is infinite and has finite index in G it cannot be malnormal,
so a positive answer to Dunwoody’s question yields a negative answer to
Neumann and Rowley’s question. We will show that for torsion-free groups
the two questions are more or less equivalent in the following sense:
If G is a torsion-free group and H is an infinite index, infinite cyclic
subgroup of G, then G acts as a Frobenius group of finite rank on a set
 with stabiliser commensurable with H if and only if it contains a finite
subset F such that G = HFH.
This is proved as a corollary to Theorem 1 (not stated here) in Section 2.
Neumann and Rowley also considered Frobenius groups of finite rank in
which stabilisers of points in  are virtually abelian, and it seems natural
to generalise Dunwoody’s question in the same way. In this paper we will
answer Dunwoody’s question for two large classes of groups, proving:
Theorem 2. Let G be a residually finite group; if H < G is a virtually
abelian subgroup such that G is a union of finitely many H-double cosets then
H has finite index in G.
Theorem 3. Let G be a subgroup of a torsion-free word hyperbolic group
0, and h ∈ G. If G is the union of finitely many h-double cosets then h
has finite index in G.
Finally, in Section 3, we will show how to interpret a finite double coset
decomposition of a group as an obstruction to splitting the group as a free
product with amalgamation or an HNN extension:
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Corollary to Proposition 4. If G is a group; H is a subgroup of G,
and G is a finite union of double cosets of H then no subgroup of G can split
over a subgroup commensurable with H.
2. THE THEOREMS
Our results will use the following lemma:
Lemma 2. Let G be a group, and let H be a subgroup of G. If G contains
a finite subset F such that G = HFH, then the commensurator K of H, (i.e.,
the subgroup g ∈ G  Hg ∩H has finite index in H and Hg) contains H as
a finite index subgroup.
Proof. For any element g ∈ K, Hg ∩H has finite index in H (and also
in Hg) and therefore the double coset HgH consists of finitely many cosets
of H. Since K contains H, it is a finite union of double cosets HF ′H, where
F ′ ⊆ F , so it too consists of finitely many cosets of H.
With Dunwoody’s question in mind it seems natural to weaken the def-
inition of Frobenius group by altering the condition that the only element
fixing a distinct pair of points is the identity to the condition that the sta-
biliser of such a pair should always be finite. We will call such an action
semi-Frobenius. It is then easy to prove:
Theorem 1. If G is a group and H < G is a cyclic subgroup of infinite
index, then the following are equivalent:
(i) G acts as a semi-Frobenius group of finite rank on a set , so that
for some ω ∈  the stabiliser Gω contains H as a subgroup of finite index.
(ii) G contains a finite subset F such that G = HFH.
Before embarking on the proof we remark that if G is torsion-free then
every virtually cyclic subgroup is cyclic, and the only finite subgroup is triv-
ial, so we obtain:
Corollary to Theorem 1. Let G be a torsion-free group and let H be
an infinite index, infinite cyclic subgroup ofG. The groupG acts as a Frobenius
group of finite rank on a set  with stabiliser commensurable with H if and
only if it contains a finite subset F such that G = HFH.
More generally Theorem 1 tells us that Dunwoody’s question can be
expressed in the following form:
Question 3. Does there exist a semi-Frobenius group of finite rank act-
ing with virtually infinite cyclic stabilisers?
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Proof of Theorem 1. If G acts as a semi-Frobenius group of finite rank
on a set , so that for some ω ∈  the stabiliser K = Gω contains H as
a subgroup of finite index, then we have seen that the rank of the action
is the number n of distinct double cosets KxK. Now if K contains H as a
subgroup of finite index d then we can choose a complete set R of right
coset representatives, and a complete set L of left coset representatives for
H in K, and put F = RXL, where X is a set of double coset representatives
for K in G. Hence the number of distinct double cosets HxH is at most
d2n.
Conversely suppose that H is a cyclic subgroup of G and that G = HFH
for some finite subset F ⊂ G. For any proper subgroup K < G the group
G acts transitively on the left on the set  = G/K and the stabiliser of eK
is clearly K. It follows as before that the rank of the action is precisely the
number of distinct double cosets, and if K contains H then this will be less
than F  and therefore finite. The action on  will then be a semi-Frobenius
action if and only if for any g ∈ G−K, the intersection K ∩Kg is finite.
Now by Lemma 2 the commensurator K of H contains H as a subgroup
of finite index. Since H has infinite index in G, K is a proper subgroup of
G and it suffices to show that for any g ∈ G−K, the intersection K ∩Kg is
finite; since K is virtually cyclic this will follow if we can show that K ∩Kg
has infinite index in K, and hence in Kg. But observe that commensurable
subgroups have the same commensurators, and so the commensurator of
K is K, and K ∩Kg has infinite index in K for any g 6∈ K as required.
Theorem 2. Let G be a residually finite group; if H < G is a virtually
abelian subgroup such that G is a union of finitely many H-double cosets then
H has finite index in G.
Proof. First note that we can assume H is abelian without loss of gen-
erality. Let A be a maximal abelian subgroup of G containing H. The
following argument to show that A is an intersection of finite index sub-
groups of G is well known: for any element g ∈ G−A there is an element
h ∈ A such that the commutator g; h is non-trivial. Since G is residually
finite there is a finite quotient G of G in which the image g; h is non-
trivial, and therefore the image g does not lie in the (abelian) image A.
Now the pre-image of A is a finite index subgroup of G which contains A
and avoids g, and since we can carry out this construction for any element
g ∈ G−A, A is an intersection of finite index subgroups of G.
By hypothesis there are finitely many elements g1; g2; : : : ; gn such that
G is the union of the double cosets HgiH, a fortiori it is the union of the
double cosets AgiA. But for any gi not in A there is a finite index subgroup
Gi in G which contains A but not gi. By intersecting the subgroups Gi we
obtain a finite index subgroup L in G which contains A and avoids any gi
which does not lie in A. It follows that L contains the double coset A but
516 g. a. niblo
avoids any other double coset AgiA which does not coincide with it, and
so L = A. This shows that G contains A as a subgroup of finite index.
In order to show that G contains H as a subgroup of finite index it now
suffices to show that the index A xH is finite. To see this note that since
A contains H it is a finite union of double cosets HgH, and since H is
central in A, A/H is finite as required.
Theorem 3. Let G be a subgroup of a torsion-free word hyperbolic group
0, and h ∈ G. If G is the union of finitely many h-double cosets then h
has finite index in G.
Proof. Let H denote the cyclic subgroup h. If H is finite then the
theorem is trivially true, so we can assume that h has infinite order.
As in Lemma 2, let K denote the commensurator of H, and recall that
K contains H as a subgroup of finite index. If g is an element of infinite
order in G then g and h are infinite order elements of the word hyperbolic
group 0 so, by Theorem 5.3.E in [G], we can find positive integers r; s so
that gr; hs is free and hence residually finite. Clearly gr; hs is a finite
union of double cosets of the infinite cyclic subgroup hs, so by Theorem
2 it is virtually abelian and therefore cyclic. It follows that g centralises a
power of h and therefore lies in K, so we have shown that K contains all
the elements of G of infinite order.
Now consider the normal closure N of H in G. It is generated by the
conjugates of h, which have infinite order, so it is a subgroup of K, and we
see that N xH is finite. On the other hand, N is a subgroup of G which
contains H, so G is a finite union of double cosets of N , and since N is a
normal subgroup of G it follows that G xN is finite. Hence G xH is finite
as required.
Note that the only property of a word hyperbolic group used in this ar-
gument is that given any infinite order element g ∈ G we can find positive
integers r; s such that the subgroup gr; hs is free and therefore, by The-
orem 2, virtually cyclic, so the theorem applies in that greater generality.
Furthermore Peter Neumann (private communication) has shown that if G
is a soluble by finite group and H is a finitely generated virtually abelian
subgroup that has only finitely many double cosets in G then H has fi-
nite index in G. We can therefore strengthen Theorem 3 to the following
statement:
Corollary. Let G be a group and let H be an infinite cyclic subgroup
with only finitely many double cosets in G. Suppose that given any element
g ∈ G of infinite order there are positive integers r and s such that the subgroup
gr; hs is free or soluble by finite: then G is virtually cyclic.
The condition in this statement is reminiscent of the Tits alternative,
that any subgroup of a linear group is either solubly finite or contains a
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free subgroup of rank 2. Perhaps some variant on the previous proof would
yield a solution to Questions 1 and 2 for any group satisfying the Tits
alternative.
3. A SPLITTING OBSTRUCTION
Dunwoody was originally motivated to ask his question by a problem
arising in group splitting theory. In this context one is given a group G
and a subgroup H, and is concerned with the question of whether or not
G splits as a non-trivial amalgamated free product or an HNN extension
over H or some subgroup commensurable with it. In [Sc] Scott introduced a
numerical “end invariant” eG;H for a subgroup H of a finitely generated
group G. The invariant measures the topological number of ends of the
quotient of the Cayley graph of G by the subgroup H (here we assume
that the Cayley graph is taken with respect to a finite generating set for G),
and Scott showed that if G splits over H then eG;H ≥ 2, so it provides
an obstruction to splitting in certain circumstances. The invariant is not
complete in the sense that eG;H can take a value at least 2 without
G splitting over H. Examples are furnished by triangle groups and their
infinite cyclic subgroups.
More recently Rubinstein and Wang have constructed an example where
G is the fundamental group of a 3-manifold M and H is the fundamental
group of an incompressible immersed surface 6 in M (and hence eG;H =
2), but G is a finite union of double cosets of H [R-W, Corollary 2.5]. As
we will show in our final result, it follows that no subgroup of G can split
over any subgroup commensurable with H.
This is a special case of the following observation:
Proposition 4. Let G be a group, let H be a subgroup of G, and let X be
a metric space on which G acts by isometries so that H fixes a point y. If G
contains a finite subset F such that G = HFH then G has a bounded orbit.
In particular if X is a simplicial tree (or more generally a complete CAT(0)
metric space) then G has a global fixed point.
Proof. Express the orbit Gy as HFHy = HFy. Since H fixes y, the orbit
Hx is bounded for any x ∈ X, and so the finite set of orbits HFy is also
bounded. Hence the orbit Gy is bounded. If X is a complete CAT(0) metric
space, then any invariant bounded set has a unique invariant centre, so G
must have a global fixed point (see, for example, [Br]).
Corollary. If G is a group, H is a subgroup of G, and G is a finite
union of double cosets of H then no subgroup of G can split over a subgroup
commensurable with H.
518 g. a. niblo
Proof. If G′ is a subgroup of G and H ′ < G′ is a subgroup commensu-
rable with H, then G′ is a finite union of double cosets of H ′;G′ = H ′FH ′.
If G′ splits over H ′ then according to Bass–Serre theory G′ acts without a
global fixed point on a simplicial tree X so that H ′ fixes the midpoint of an
edge [B-S]. But according to the proposition G must fix the centre of the
finite set Fy, which is a contradiction.
Finally we note that the example of Rubinstein and Wang shows that the
double coset obstruction to splitting over subgroups commensurable with
H is independent of Scott’s end invariant.
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